Abstract. A conceptual model has been developed for the analysis of atmospherevegetation interaction in subtropical deserts. The model can exhibit multiple stable states in the system' a "desert" equilibrium with low precipitation and absent vegetation and a "green" equilibrium with moderate precipitation and permanent vegetation cover. The conceptual model is applied to interpret the results of two climate-vegetation models' a comprehensive coupled atmosphere-biome model and a simple box model. In both applications, two stable states exist for the western Sahara/Sahel region for the present-day climate, and the only green equilibrium is found for the mid-Holocene climate. The latter agrees well with paleoreconstructions of Sahara/Sahel climate and vegetation. It is shown that for present-day climate the green equilibrium is less probable than the desert equilibrium, and this explains the existence of the Sahara desert as it is today. The difference in albedo between the desert and vegetation cover appears to be the main parameter that controls an existence of multiple stable states. The Charney's mechanism of self-stabilization of subtropical deserts is generalized by accounting for atmospheric hydrology, the heat and moisture exchange at the side boundaries, and taking into account the dynamic properties of the surface. The generalized mechanism explains the self-stabilization of both desert and vegetation in the western Sahara/Sahel region. The role of surface roughness in climate-vegetation interaction is shown to be of secondary importance in comparison with albedo. Furthermore, for the high albedo, precipitation increases with increasing roughness while, for the low albedo, the opposite is found.
Introduction
The study of the climate-vegetation interaction is a promising topic in climate system modeling, as this interaction could be crucial for the understanding of some climate phenomena. For example, the climate of Dickinson, 1982] . This theory treats desert as an isolated object and deals mainly with the radiative properties of the surface; for example, it does not explicitly take into account the hydrological cycle. Meanwhile, heat and moisture exchange at the boundaries (e.g., due to the summer monsoon from the Atlantic Ocean) play a rather important role in the climate of the West Sahara. Emanuel [1994] showed that the moist static energy and its fluxes are crucial quantities in moist atmospheres. According to Eltahir and Gon [1996] , the meridional gradient of moist entropy (or moist static energy) between the land region and the Atlantic Ocean is the main factor determining the precipitation dynamics over West Africa. The budget of moist static energy in West Africa is analyzed and modeled by Zhe-ng and Eltahir [1997] .
If we study the multiple equilibria phenomenon from a mathematical point of view the most simple, or a conceptual model of the phenomenon must be a dynamical system of several key variables which play the main role in the interaction. In our paper, we first present a conceptual model, which deals with only two dynamic variables: one for vegetation and one for climate. This model is very simple, but it enables the multistable solutions to be represented. The advantage of the simple model lies in the possibility of understanding how basic physical mechanisms could work in more complex models; for detailed discussion of the usefulness of simple models in climate modeling see, for example, Ghil [1989] . The subtropical region is under the strong influence of a downward branch of Hadley's circulation which causes low air humidity and low precipitation at all seasons except during the summer. In the summer season, Hadley's circulation over the region becomes weaker while the monsoon from the ocean brings moist air to the continents. Since precipitation in the subtropics depends upon these two counteracting factors, they are very sensitive both to external climate condi-31,615 tions (like insolation and zonally averaged circulation) and local factors (like land surface cover and sea surface temperature). We assumed that under fixed external climate conditions the precipitation P over sufficiently large and homogeneous area in the subtropics depends only on the averaged vegetation fraction but not on specific types of vegetation cover. This assumption is justified by the fact that the physical characteristics of bare soil (albedo, roughness, and water conductivity) differ substantially from those for any type of vegetation.
By the vegetation fraction l/in a large area (comparable with the spatial resolution of general circulation models (GCMs)), we understand a fraction of land covered with any vegetation, at least during some season favorable to vegetation. The other fraction of land is the bare soil, or desert fraction. Generally, V depends on both the temperature and precipitation factors, but within the narrow temperature interval we can neglect the temperature impact.
We write the interdependence of the two system variables, the vegetation fraction • ..... and precipitation P, in the general form of dynamic equations: 
Let us suggest that for fixed V and E, (3) has unique solution P -P*(•', E). Than we can substitute it into = W(V, P*(V, E)). V -V*(P). Because we determine V*(P) as an equilibrium response to climate, the right part of (4) 
where r is a characteristic time of vegetation dynamics.
Equation (5) Therefore, instead of solving the system (equations (5) and (6)) explicitly, we will analyze the solutions of the equilibrium manifolds: appears to be unstable and separates the domains of attraction of the stable equilibria. The multiple equilibria case is relatively rare and could appear only under the specific conditions discussed below in section 4.3. The nongeneral, or degenerate, case of two intersection points of curves V* (P) and P*(V, E) corresponds to a saddle-node bifurcation.
Interpretation of ECHAM-BIOME

Results
We use two data sets in our study, which are outputs of ECHAM-BIOME experiments [ The ECHAM-BIOME experiments were performed with the following methodology' (1) Initially, the North Africa biomes land cover was prescribed as either desert or tropical rain forest; (2) the climate model output was averaged for 5 years and the average climate was used as an input to BIOME to classify the new biome cover; (3) this new biome cover was fixed for the next 5-year experiment with the climate model; and (4) these iteration steps between ECHAM and BIOME were continued until equilibrium was achieved.
In the case of desert, the albedo of bare soil was prescribed in accordance with the soil texture: either dynamic dimate model, which is discussed in section 4.3. The values of parameters of (11)and (12), obtained by fitting of the ECHAM-BIOME results, are given in Table 1 .
The curves V*(P) and P*(V, •) intersect three times for present-day climate and one time for mid-Holocene climate. Therefore, in terms of the conceptual model, present-day climate corresponds to three equilibria 
The advective term AT in (13) gion, and this dependence has a nearly linear form (see Figure 5) . Moreover, the parameters of the linearized dependence for the box model are numerically close to results of the ECHAM-BIOME model (see Table 1 ).
To get a deeper insight in the vegetation-atmosphere interaction, we analyze the sensitivity of precipitation to surface parameters: albedo and roughness. At any given constant roughness, an increase of albedo .45 leads to decrease of precipitation (Table 3 ). This effect can be explained by Charney's theory (see Introduction): the higher the albedo is, the higher is the radiative sink in the system (-/•net ---F•H( 1 --Asy)+ FiTH), the lower are the temperature TB, the vertical velocity, the cloudiness and, finally, the precipitation (see Table 3 ).
For the fixed albedo, the radiative sink Rnet in the system always decreases with increasing roughness, while the precipitation response to roughness change is more complex. For the high albedo, the precipitation increases with increasing roughness, but, for the low albedo, the tendency is the opposite (see Table 3 ).
Precipitation is computed as a function of the mean air temperature at the top of the PBL, Ts, the cloudiness, n, the vertical velocity at the top of the PBL, w(h), and the relative humidity, f.
• (see (A1)). The parameters n, 'u,(h), and fs increase with the increasing z0, but Tu decreases. Simultaneous increase of w(h) and decrease of Tu with increasing z0 is the consequence of the increase of the cross-isobar angle, which leads to the intensification of the monsoon-type circulation over the region. Let us note that the increase of V is accompanied by the simultaneous decrease of As and increase of z0. Owing to more pronounced influence of the As on P (see Table 3 ), the increase of P with increasing V is accompanied by the increase of R•t, i.e., by a decrease of the radiative sink in the system.
Results for Double CO2 Climate
To study the impact of CO,• on the climate in the area, an experiment for doubled preindustrial CO2 concentration (560 ppm) is undertaken. The temperature Toe is taken as 2 K higher than for the present-day, in order to account for the mean zonal warming. The other parameters are the same as for present-day climate (see Table 2 ).
One can see from the results in Figure 5 that as for present-day climate two stable equilibria exist in the system, but, for the double CO• climate, the P = P*(V, E) curve shifts to the right (more precipitation P at a given V), and it is steeper (has a larger value of OP/O• •) than for present climate. The unstable equilibrium for the double COs climate (point 4) is located at value V, which is less than for present-day climate. Therefore the probability of the realization of the green equilibrium increases with the increasing CO2 content of the atmosphere. To assess when this switch could occur in the model, the Lyapunov functional is calculated and is presented for several time slices in Figure  6 . In Figure 6 , the equilibria correspond to the minima of the functional. For 6.2 kyr B.P., there is the only minimum that corresponds to green equilibrium. For present days, there are two minima: The desert equilibrium is at an absolute minimum and the green equilibrium is at a relative minimum. Some 3.6 kyr B.P. both equilibria have the same values of the Lyapunov functional (see Figure 6 ). In this sense, the green equilibrium became less stable than desert equilibrium after 3.6 kyr B.P. More precisely, the switch from one solution branch to another depends on the possibility for the system to "jump" over the maximum which separates the two minima in This would explain the existence of the Sahara desert as it is today, in spite of the fact that the ECHAM-BIOME model, as well as the box model, predicts that a green Western Sahara is possible as well. Charney's mechanism of selfstabilization of subtropical deserts is generalized by accounting for atmospheric hydrology, the heat and moisture exchange at the side boundaries, and dynamic properties of the surface. The generalized mechanism explains the self-stabilization of both desert and vegetation in the Western Sahara/Sahel region. We have studied the sensitivity of the multiple equilibria phenomenon to surface albedo and roughness.
Figure 6 depicts the Lyapunov functional F(V, E) (see (8)). The functional F(I/, E) reveals two
The slope of curve P* (V, E) depends mainly on the difference in albedo between vegetation and desert. If the difference is small, the second equilibria does not exist. The role of surface roughness in climate-vegetation interaction is found to be of secondary importance in comparison with albedo, while roughness could modify the precipitation in the opposite direction than albedo.
In experiments with the box model for double CO2 concentration in the atmosphere, the precipitation for a given vegetation fraction in Western Sahara increases. Therefore the probability of the occurrence of more vegetated spots in the region increases with the increasing CO2 content in the atmosphere.
The box model is used for analysis of the stability of the atmosphere-vegetation system in the Western Sahara during the transition from the Holocene to the present-day under external forcing by insolation and CO2 concentration in the atmosphere. In the early Holocene, some 10 kyr ago, only the green equilibrium existed in the region. Because of decreased summer insolation, the precipitation declined, and the stable desert equilibrium appeared about 6 kyr B.P. Some 3.6 kyr B.P., both equilibria had the same values of the Lyapunov functional, and, in this sense, the green equilibrium became less stable than desert equilibrium after 3.6 kyr B.P.
The presented models cannot, of course, prove the existence of multiple solutions of the atmosphere-vegetation system. However, they provide a consistent picture by predicting the stability of the equilibrium solutions.
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